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M.Sc. - Mathematics 
I Semester End Examination - May 2022 

Real Analysis  
 

Course Code: MM102T QP Code: 11002 
Time: 3 hours Total Marks: 70 
  

                       Instructions: 1. Answer any FIVE questions                                    
                                          2. All questions carry equal marks 

1 a)   Evaluate ∫ 𝑥𝑑{[𝑥]},
ଷ

଴
 where [𝑥] is the maximum integer function. 

b)   If 𝑓(𝑥) ∈ 𝑅[𝛼(𝑥)] on [𝑎, 𝑏] then prove that −𝑓(𝑥) ∈ 𝑅[𝛼(𝑥)] on [𝑎, 𝑏]. 

c)    If 𝑓(𝑥) ∈ 𝑅[𝛼(𝑥)] on [𝑎, 𝑏] and |𝑓| ≤ 𝑀, then prove that ቚ∫ 𝑓𝑑𝛼
௕

௔
ቚ ≤ 𝑀[𝛼(𝑏) − 𝛼(𝑎)].      

                                                                                                                                     (4+5+5) 
2 a)   Assuming 𝑓(𝑥) is monotonic on [𝑎, 𝑏] and 𝛼(𝑥) is monotonically increasing and                

continuous function on [𝑎, 𝑏] prove that 𝑓 ∈ 𝑅(𝛼) on [𝑎, 𝑏]. 

b) If 𝑓 ∈ 𝑅(𝛼) on [𝑎, 𝑏], 𝑓 ∈ [𝑚, 𝑀] and 𝜑 is continuous function of 𝑓 on [𝑚, 𝑀] then prove     
that 𝜑൫𝑓(𝑥)൯ ∈ 𝑅(𝛼) on [𝑎, 𝑏]. 

c) Give an example of a function 𝑓 such that |𝑓| ∈ 𝑅(𝛼) on [0,1] and |𝑓| ∉ 𝑅(𝛼) on [0,1].  

 (5+7+2) 

3 a) Consider the function 𝛽ଵ(𝑥) and 𝛽ଶ(𝑥) defined as follows: 

                            𝛽ଵ(𝑥) = ൜
0, 𝑤ℎ𝑒𝑛 𝑥 ≤ 0
1, 𝑤ℎ𝑒𝑛 𝑥 > 0

 

                             𝛽ଶ(𝑥) = ൜
0, 𝑤ℎ𝑒𝑛 𝑥 < 0
1, 𝑤ℎ𝑒𝑛 𝑥 ≥ 0

 

            Verify whether 𝛽ଵ(𝑥) ∈ 𝑅[𝛽ଶ(𝑥)] on [−1,1]. 

b) If 𝑓 and 𝜑 are continuous on [𝑎, 𝑏] and 𝜑 is strictly increasing on [𝑎, 𝑏] and Ψ is an inverse 

function of 𝜑, then prove that ∫ 𝑓(𝑥)𝑑𝑥 =
௕

௔
∫ 𝑓൫𝜓(𝜑)൯𝑑𝜓(𝜑)

థ(௕)

థ(௔)
.         

c) Show that a function of bounded variation on [𝑎, 𝑏] is bounded.           (7+4+3) 

4 a) State and prove Weierstrass M- test. 
b) Show that {𝑒ି௡௫} is uniformly convergent on [𝑎, 𝑏]. 

c) Suppose 𝑓௡ → 𝑓 uniformly on [𝑎, 𝑏] and if 𝑥଴ ∈ [𝑎, 𝑏] such that 

          lim
௫→௫బ

𝑓௡(𝑥) = 𝐴௡,    𝑛 = 1,2,3, …  then prove that  

     i) 𝐴௡ convergent   ii) lim
௫→௫బ

𝑓௡(𝑥) = lim
௡→ஶ

𝑓௡(𝑥).                             (5+4+5)     
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5 a) Prove the necessary and sufficient condition for a sequence {𝑓௡} of functions defined on a 
set 𝑆 to be uniformly convergent is that for each  ∈ > 0 there corresponds on such that ∀𝑛 ≥

𝑚,    ∀𝑝 ≥ 0 and ∀𝑥 ∈ 𝑆,  ห𝑓௡ା௣(𝑥) − 𝑓௡(𝑥)ห < ∈. 

     b) Let {𝑓௡(𝑥)} be a sequence of functions uniformly converges to 𝑓(𝑛) on [𝑎, 𝑏] and  
         each      𝑓௡(𝑥) ∈ 𝑅[𝑎, 𝑏]. Then prove that 𝑓(𝑛) ∈ 𝑅[𝑎, 𝑏], also prove that   

           lim
௡→ஶ

∫ 𝑓௡(𝑡)𝑑𝑡 =      ∫ 𝑓(𝑡)𝑑𝑡  ∀𝑥 ∈ [𝑎, 𝑏].
௫

௔

௫

௔
 

c) Show that ∑ 𝑛𝑥𝑒ି௡௫మஶ
௡ୀଵ  converges pointwise and not uniformly on [0, 𝑘],   𝑘 > 0.     

                                                                                                                             
(5+5+4) 

6 a) State and prove Heine-Borel theorem. 

b) Define a K-cell in 𝑅௞. Let 𝐼ଵ ⊃ 𝐼ଶ ⊃ 𝐼ଷ ⊃ ⋯ be a sequence of K-cell in 𝑅௞ show  that 
 ⋂ 𝐼௡ ≠ ∅.ஶ

௡ୀଵ                              (8+6) 
 

7 a)   Let 𝐸 ⊂ 𝑅௡ be an open set 𝑓: 𝐸 → 𝑅௠ is a map. Prove that if 𝑓 is continuously               
differentiable if and only if the partial derivatives 𝐷௝𝑓௜ exists and continuous on 𝐸 for 1 ≤

 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛. 
b) If 𝑇ଵ, 𝑇ଶ ∈ 𝐿(𝑅௡, 𝑅௠), then prove that 

    i) ‖𝑇ଵ + 𝑇ଶ‖ ≤ ‖𝑇ଵ‖ + ‖𝑇ଶ‖  

    ii) ‖𝛼𝑇ଵ‖ = |𝛼|‖𝑇ଵ‖ 

c)  Discuss the continuity of the function on 𝑅ଶ of 

                        𝑓(𝑥, 𝑦) = ൝
௫మ௬మ

௫మା௬మ
, 𝑥 ≠ 0, 𝑦 ≠ 0

0, 𝑥 = 0, 𝑦 = 0
           (7+4+3) 

 

8.  State and prove the implicit function theorem.               (14) 

 

*** 

 

 

        


